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Abstract 

We derive a relation between correlation functions of supergroup WZNW models 
and conformal field theories with extended superconformal symmetry. The super- 
groups considered have a bosonic subgroup of the form SL{2) x A for some Lie 
group A. The corresponding conformal field theory is a super Liouville field theory 
coupled with the WZNW model on A. An example is a correspondence between 
the PSU(1,1|2) WZNW model and smah M = 4 super Liouville field theory. The 
0SP(n|2) WZNW model is related to a superconformal field theory with SO(n) 
extended superconformal symmetry of the Knizhnik-Bershadsky type. In the case 
n = 4 this is simply the large M = (4, 4) superconformal symmetry. Besides these 
two examples we make a general derivation encompassing the WZNW models on 
supergroups SL(2|n), D(2,l;a), OSP(4|2n), F(4) and G(3) and their relation to 
models with extended superconformal algebras as symmetry. 
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1 Introduction 

Recently, supergroup models have been studied by many researchers due to the de- 
velopment of the AdS/CFT correspondence [I]. The correspondence relates superstring 
theories on Anti-de Sitter (AdS) spaces with conformal field theories on the boundary, and 
it is known that the superstring theories are described by models on supergroups/cosets. 
For example, superstring theories on AdSsxS^ and AdSsxS^ are described by utilizing 
PSU(2,2|4) [2] and PSU(1, 1|2) symmetry [3], respectively. Supergroup models are also 
used to describe disordered systems in the context of condensed matter physics [1]. Es- 
pecially interesting in this respect are the models proposed for the plateau transition in 
the integer quantum Hall effect [S] (see also [SI E] ) • 
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In this note, we study a simple type of supergroup models, namely, Wess-Zumino- 
Novikov-Witten (WZNW) models based on supergroups. These have been studied in the 
bulk [HI m [ini El [12] and with boundaries [I3l El US [ISl [HI HE] . One way to deal with 
a supergroup WZNW model is to rewrite it as a WZNW model on the bosonic subgroup 
coupled with free fermions [12]. However, this method can be applied only to type I 
supergroups. Another way is to utilize the relation to super Liouville theory developed 
in [19], where the structure constants of 0SP(1|2) WZNW model were computed. In the 
paper, the relation between correlation functions of 0SP(n|2) WZNW model and M = n 
super Liouville theory was obtained for n = 1,2, which is a generalization of the relation 
between correlation functions of SL(2) WZNW model and Liouville field theory f2U\ |2T]. 
The aim of this note is to extend the relation to more generic cases, where the Liouville 
theory side has extended superconformal symmetry. 

The extension of the conformal symmetry to A/" = n < 4 supersymmetry was found 
in [22], and it has SU(2) or SO{n) symmetry. A theory with this type of extended 
superconformal symmetry can be realized by a Liouville-like theory coupled with SU(2) 
or SO(n) WZNW models [231 E]. this case, the (anti-)commutators of generators of the 
superconformal symmetry are given by linear combinations of the generators themselves. 
If we do not require such a linear relation, the superconformal symmetry can be extended 
with U(n) or SO(n) symmetry for arbitrary n as shown by Knizhnik and Bershadsky 
[25} [26]. In this paper we call this type of symmetry "superconformal W^-algebra" since 
the (anti-) commutators may lead to products of generators. In fact, the relation between 
supergroup WZNW models and super Liouville field theory is not entirely new. In [27] 
it was shown that utilizing quantum Hamiltonian reduction 0SP(n|2) WZNW models 
reduce to N = n super Liouville field theory. This analysis was extended in [281 [221 [301 
[311 [32] to supergroups whose bosonic subgroup is of the form of SL(2)xy4. The extended 
superconformal algebras were also classified by an algebraic approach in [331 [M] • 

A strong motivation to study these relations comes from the proof of the Fateev- 
Zamolodchikov-Zamolodchikov (FZZ) duality [351 [36]. The FZZ duality relates Witten's 
semi-infinite cigar model, given by the coset /M., to sine-Liouville field theory. In the 
proof the main ingredients were the above mentioned relation of the SL(2) WZNW model 
to Liouville field theory together with the self duality of Liouville theory. The proof was 
generalized in [37] to the case with branes in the cigar and to the supersymmetric case 
where the relation takes the form of a mirror duality [38] • In the proofs it was essential 
that the relation was known in detail directly relating correlators to correlators. It would 
be interesting to find similar dualities for the supergroups that we consider in this paper. 
One example may be given by 0SP(1|2)/U(1) model discussed in [3S]. The first step is 
taken by making the relation to the superconformal Liouville field theories precise using 
the path integral formalism. 

Our strategy is as follows. We consider supergroups whose bosonic subgroups are of 
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the form SL(2)xA. The idea is to use the path integral techniques from [2Ij to integrate 
out the fields corresponding to the roots of SL(2). This requires finding a suitable free field 
realization of the WZNW model such that these fields do not appear in the interaction 
terms. We find that this can be achieved using a special five-decomposition of the Lie 
superalgebra. Then we can proceed as in [211 US] , that is after integrating out the fields 
corresponding to the roots of SL(2) and performing certain field redefinitions we get a 
theory endowed with extended superconformal symmetry. Due to the field redefinitions 
involved, an A^-point correlation function in the WZNW model on a sphere is equal to a 
(2A^ — 2)-point correlator with N — 2 degenerate fields inserted. 

The organization of this note is as follows: In the next section we study the relation 
to Liouville field theory with JV < 4 superconformal symmetry. First we relate the 
PSU(1,1|2) WZNW model to Liouville theory with small A/" = (4,4) superconformal 
symmetry in subsection 12. H and we consider 0SP(n|2) WZNW models which relate to 
Liouville theory with A/" = {n, n) superconformal symmetry in subsection 12.21 In section 
|3] we consider the general case when the supergroup has its bosonic sub-algebra of the 
form SL(2)xA. Notations for the Lie superalgebras are given in appendix [Aj and the 
symmetries of the reduced theories are studied in appendix |Bl 

2 WZNW models and super Liouville theories 

In this section we study the relation between supergroup WZNW models and Liouville 
field theory with superconformal and extended superconformal symmetry. We start by 
deriving a correspondence between the PSU(1,1|2) WZNW model and Liouville theory 
with small JV = (4, 4) superconformal symmetry. This case is relevant for the study of the 
AdS3/CFT2 correspondence where string theory on AdSsxS^ is related to the supergroup 
[21 HO]. Further note that small A/" = (4,4) superconformal symmetry on the dual CFT 
side played an important role in the protection of certain correlators [H]. In subsection 
12.21 we then consider 0SP(n|2) WZNW models, which are related to Liouville theory 
with A/" = (n, n) superconformal symmetry. It reproduces the result in for n = 1,2. 
Moreover for n > 4 the commutators of symmetry generators contain the products of 
generators and the symmetry algebra can thus be called as superconformal W^-algebra. 

2.1 From PSU(1,1|2) to small A/" = 4 Liouville theory 

We derive a correspondence between the correlators of the WZNW model of the su- 
pergroup PSU(1,1|2) and small A/" = 4 Liouville field theory. The bosonic subgroup of the 
supergroup is the product of SU(1, 1) ~ SL(2) and SU(2). To be more precise, we will 
here and in the following actually consider sigma models whose bosonic subspace instead 
of SL(2) contain the coset = SL(2, C)/SU(2) i.e. the space of hermitian elements 
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of SL(2,C). The Euclidean hyperbolic space can then be related to Liouville theory 
using the method of [21]. The action for the model can, however, be written as the 
WZNW action based on Hermitian matrices, see |42] . 

The derivation proceeds as follows: First we introduce the WZNW model and express 
the correlation function as a path integral. The fields corresponding to the roots of SL(2) 
are then integrated out. Finally we have to rotate some fields to arrive at the desired 
small Af = 4 Liouville field theory. 



2.1.1 The PSU(1,1|2) WZNW model 

The first step is to find an appropriate free field realization of the WZNW model. 
The explicit form of the WZNW model action depends on the parametrization of the 
supergroup valued field. For our purposes it is of crucial importance to choose this to be 
g = aG(5 with 



P = exp(^(^l5+ -^2'5^2))exp(^(^l5++el5+))exp(7i?+) , 



(2.1) 



G 



exp(-20Ef ' ^ 




and g a 2 X 2 SU(2)-matrix. The notation for the generators is summarized in appendix 
lAl This parametrization is different from the one chosen in [10] , which is suitable for free 
fermion resolution of type I cases [12j. Here we employ a decomposition of PSU(1, 1|2) 
that resembles type II supergroups in order to apply the method in [TH]. A more detailed 
explanation of the decompositions of the supergroups can be found in the next section. 
Using the well-known Polyakov-Wiegmann identity, the action is 



^WZNW 



s 



+ e-^\d^ - d2de\){d^ + e2de\) 



where we have used 



+ e-'^dOiq-^dei + e 



(2.2) 



0i = {6\,6l), ei = {6\,6l), 92 = {9l,9l), 62 = {0l,6l). (2.3) 
The transpose operation was expressed as = qj,i- The action can be rewritten in a 
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first order form. Introducing /3, /3 and p^iPl witli a, 6 = 1, 2, we now liave 

S[g,[5,j5,p,p\k = ^™W[g]fc_2 + + ^mt , (2.4) 



a=l,2 



with b = l/y/k. Here tlie level of SU(2) has been shifted due to the change in the 
path integral measure (see also [lOj) and a background charge have been added Q = —b. 
Moreover, we have defined 

Pi = {pI,pI) , Pi = {p\,pI) , P2 = {pI,pI) , P2 = {pI,pI) ■ (2.5) 

In order to write down the vertex operators, it is convenient to bosonize the fermionic 
fields as 

Pt = e'''^\ ^," = e-^^^ Pt = e^'^^\ 9^ = e-^^^\ (2.6) 
Then the vertex operators are 

V;l{fi\z) = /,^-+i+l^?^^-+i+l^-?e^-?^^''+*^"?^^"e'^™e2^(^'+i)^Vf "('^(g) , (2.7) 
where L labels the representation of su(2). 

2.1.2 The correspondence with small J\f = A Liouville theory 

We now consider correlation functions. We first perform the path integral for the fields 
7, 7 and then for /3, /3. Then after a field redefinition the correlation function takes the 
form of those in small = 4 Liouville theory with extra insertions of degenerate fields. 

We consider correlation functions of the form 

flvStMi^^n ■ (2-8) 

\i=l I 

Following the analysis in [21] we integrate out first 7, 7 and then /3, J3. After this procedure, 
the field /3 is replaced by the function 

and similarly /3 by —uB{yi, zf, z). We remove the function B from the action by shifting 
the fields 0, as 

0+^ln|S|2^0, Y:-'-\nB^Y:. (2.10) 



5 



Note, that this shift changes conformal dimension of the fermions to 1/2. Then we have 
(for a detailed derivation, see [19]) 



N 



N 



li=l 



WZNW 



i=l 



N N-2 

l)+l/2b,Li 
ii=l 1=1 



(2.11) 



Here L = denotes the identity representation of su(2). The right hand side is evaluated 
with the action 



So = ^ I (fz 

ZTT 



a=l,2 



int 



27r 



where the new background charge is Q = b ^ — b. The vertex operators are 



and the pre-factor is 



N 



N-2 



N N-2 



Q=u Hiz, - z,)^-' n - y,)^~' n n ' 

i<j p<q j=l p=l 

To simplify the action we rotate the fermions as follows 

O1+P2 = X- , -O2+P1 = ^- , Pi = X+ , P2 = -V'^ 



O1+P2 = X- , -^2 +Pi = ^- 
Then the action becomes 



Pi = x+ 



P2 



Sn 



1 

2^ 



d^z 



5'int — ^ I d z 



.k k k . 



(2.12) 



(2.13) 



(2.14) 



(2.15) 



(2.16) 



Note that the fermions x, x have decoupled from a theory that can be called small A/" = 4 
Liouville, the action of which was proposed in [23j. This has central charge 

3(A;-2) 



C = Csu(2)fc_2 + C</, + 



+ 1 + 6Q^ + 2 = 6(A; - 1) . 



(2.17) 



In appendix [B] the action is shown to preserve small M = (4, 4) superconformal symmetry. 
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2.2 From OSP(n|2) to M = n Liouville theory 

We now find another family of correspondences. These are between WZNW models 
of orthosymplectic supergroups 0SP(ra|2) and what we call so(n) extended super Liou- 
ville theory. For n = 1,2,3,4 the symmetry of these theories are generated by a usual 
superconformal algebra, while for higher n it is a superconformal IV-algebra. 

2.2.1 The OSP(n|2) WZNW model 

As in the cases of 0SP(n|2) with n = 1,2 [19], we parameterize the element of the 
supergroup as g = aG/3 with 

a = exp(6'iFf ) exp(6'2F2") ■ • ■ exp(6'„F„ ) exp{'jE~) , 
/3 = exp(^„F+) exp(^„_iF+_i) ■ ■ ■ exp(^iF+) exp{^E+) , 

(2.1«j 

G = e-2<^^" °1 , geSO(n) . 



I 



2 , 



Notation is given in appendix |Al With the above parametrization we obtain the action 
for 0SP(n|2) as 

^wzNw^^]^ = + — [d^z \d(l)d(f) + e-2<^(a7 + ede'){d^ + 636') + 2e-'^d6qd6' 

2vr J L 



(2.19) 



where 6 = {6i, • • ■ , 6'„), 6 = {6i, ■ ■ ■ , dn), and we have used g* = q~^. 

Introducing the auxiliary fields, (3,/3,p = (pi, ■ ■ ■ ,Pn),P = (pi, ■ ■ ■ ,Pn), we find classi- 
cally 



Ztt 



Due to change of the invariant measure to the free measure, there are shifts in the coeffi- 
cients. First let us set g = 1. Then, as in yL9j, the contribution from the measure of the 
path integral over /3, 7 is 

1 



SS = -- I d^z 

71 



and the contribution from one set of fermions p*, 6i is 



SS=^ I dh 



(2.21) 



(2.22) 



7 



For the SO{n) part, the shift of level comes from the fermions, and we have k ^ k — 1. 
Finally we find 



with b-"^ = k-2 + n/2 and Q = b{l - n/2). 
As before, we bosonize the fermions as 



^2.23) 



Pa = e'^-^ , 



Oa = e 



-iYa 



Pa = e^^" , 



ea = e 



-iYa 



with a = 1, 2, ■ ■ ■ , n. Then the vertex operators are 
where L labels the representation of so(n). 



(2.24) 



:2.25) 



2.2.2 The correspondence with so(n)-extended super Liouville theory 

We consider correlation functions of the above vertex operators and map them to 
those of M = n super Liouville theories. First 7 is integrated out, and then the field /3 is 
replaced by the function 



N 



i=l 



Z - Zi 



^ ^^t =uB{yuz,^z) 



]\i=l{z-Zi 



(2.26) 



and similarly /3 by —uB{yi, zf, z). Like in ( I2.10p we absorb B,B hy a shift of fields 0, Ya 
and get 



N 



N 



li=l 



WZNW 



i=l 



N N-2 

b{j,+l)+l/2b,L,y'^^ 
1=1 1=1 



n ^-i/Uy^ 



(2.27) 



Here L = is the identity representation of so(n). The action for the right hand side is 



5*0 



27r 



d'z 



Sint ^ ^ ' ^ ^ 



4 2 



le"'^-j^ip + 0)qip-eye"^ 



(2.28) 
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with Q = Q + h . The vertex operators are 



(2.29) 



and the pre-factor is 

N 



N~2 



i<j 



n (^p ~ 



N N-2 
i=l p=l 



26^ 4 



(2.30) 



If we rotate fermions as 



1 1 _ I _ - - I _ - 



then the fermions x decouple from 



5^^[0,z^,g] = 5[g]fc_„/2 + — / d'z 



k k 



(2.31) 



which may be named so(n)-extended super Liouville field theory. The central charge is: 

(n-l)(n-2) k-1 



CLiouville — CsO(n) + + C0 



^ 6S + n^ - 10 
2 S+n-3 ' 



k + n/2-2 



+ n/2 + 1 + 6Q' 



(2.32) 



where = 2fc — 1. In particular, the actions for n = 3,4 were proposed in [23]. For n < 3 
this has A/" = {n, n) superconformal symmetry. For = 4 we get the large M = (4, 4) 
superconformal algebra, and for > 4 we get Knizhnik's so(?T,)-extended superconformal 
algebra PS], see appendix [Bl 

For the vertex operators we can factor out the component corresponding to the de- 
coupled fermions x- This is done just like the 0SP(1|2) case in [19] by introducing spin 
fields for the fermions ip, x- 



3 From supergroups to superconformal Vl^-algebras 

We now generalize the correspondence. Our derivation works for any Lie supergroup 
whose bosonic part is of the form x A for some Lie group A. We first introduce 
the relevant Lie super algebras, and then write down the WZNW model using a suitable 
parametrization of the supergroup valued field. The derivation of the correspondences 
is analogous to the previous section. The superconformal VT-algebras are introduced in 
appendix IB. 31 using the works [2S1 ED 
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3.1 Lie superalgebras 

Our goal is to find and derive correspondences between supergroup WZNW models 
and conformal field theories with some superconformal W^-algebra symmetry. The su- 
pergroups have to contain SL(2,M) as a factor of the bosonic subgroup (i.e. if^ after a 
coset construction). Moreover it has to be possible to write the action of the model in a 
suitable form that allows for integration of the fields 7, 7. Finding this suitable action is 
equivalent to finding a certain grading for the superalgebra. This grading is as follows. 
Let be a simple superalgebra whose bosonic subalgebra is si (2) © a for some reductive 
Lie algebra a. Denote by ±i/ the positive and negative root of sl(2) with corresponding 
generators E±^. These commute to the Cartan element Hi, and we have the commutation 
relations 

[Eu,E_i,] = 2Hi, , [Hi,,E±i,] = ±E±,y . (3.1) 

We will see that there is a correspondence for WZNW models whose algebra allows a 
five-decomposition of the form (see also |43] ) 

= 0-1 ©0-1/2 ©00 ©01/2 ©Si , (3.2) 

where the spaces Qi are bosonic for integer i and otherwise fermionic. The index labels 
the eigenvalue of the adjoint action of H,^, so g-ti = span{E±^} , and Qq = spanjifj,} © o. 
Let A]_ denote the roots corresponding to g±i/2, then A]_ + u = A\. We will always 
normalize our bilinear form k such that u has negative length, and the longest positive 
root of positive norm has norm two (this will then lie in o). We can then characterize 
as 

A^ = {7 G A'\{^,u)<0}, (3.3) 

and oppositely is Al_ positive with respect to u. 

We now give examples of such Lie superalgebras. Looking back at (12. ip and f l2.18p we 
already had psl(2|2) and osp(n|2) as examples. We now list further interesting examples 
for classical Lie super algebras, as reference see [il] . 

3.2 Examples 

We now give examples of the possible Lie superalgebras with sl(2) © a as bosonic 
Lie algebra and a five-decomposition. As above we always have q±i = span{E±,^} , and 
00 = span{i7^} © a. 

sl(n|2) 

The rank of sl(n|2) is n + 1, the dimension n"^ + n + 1 and the bosonic subalgebra is 

sl(n) ©u(l) ©sl(2) = sl(2)©a. (3.4) 
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The root lattice is generated by vectors ei, ...,e„ and 61,62 with non-zero inner products 
e^ei = 1 and 6i6i = —1. The root spaces are 

Ao = {e, - ej, 6i - 6j} , A, = {±(e, - 6j)} . (3.5) 

The sl(2) root is u = 61 — 62 and its norm is ui' = —2. The longest root of a has norm 
q;|/2 = 1. We decompose sl(n|2) as follows: 

sl(n|2) = 0-1 0-1/2® 00 ®5i/2© 01 , 

0-1/2 = span{F-e,+52,F,._5j , (3.6) 
01/2 = span{F,._52,F_,.+5j . 

F(4) 

The exceptional Lie superalgebra F(4) has rank 4, dimension 40, and its bosonic 
subalgebra is 

sl(2)©so(7) = sl(2)©o. (3.7) 

The root lattice is generated by vectors S, €1,62,62 with non-zero inner product ejCj = 1 
and SS — —3. The root spaces are 

Ao^{±6,±ei±ej,±ei\ij^j}, Ai = {i(±5 ± ei ± 62 ± 63)} . (3.8) 

We denote the generators for the sl(2) roots by E±,y = E±s- Note, that uu — SS — —3. 
The longest root of has norm q;|/2 = 1. Then the decomposition is 

F(4) = 0_i © 0_i/2 © 00 © 01/2 ® 01 , 

0-1/2 = span{Fi(_5±,^±,^±,3)} , (3.9) 
01/2 = span{Fi(+5±,^±,^±,3)} . 

G(3) 

The exceptional Lie superalgebra G(3) has rank 3, dimension 31, and its bosonic 
subalgebra is 

sl(2)©g2 = sl(2)©a. (3.10) 
The root lattice is generated by vectors S, ei, £2, 63 with non-zero inner product 

1 2 
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The root spaces are 



Ao = {±2S, ei - e,-, ±Q | i ^ j} , A, = {±S ± ±S} . (3.12) 

Wc denote the generators for the sl(2) roots by E±i, = E±25- Note, that = 466 — —8/3. 
The longest root of a has norm q;|^/2 = 1 Then the decomposition is 

G{3) = 0_i © 0_i/2 e 00 e 01/2 ® 01 , 

0_i/2 = span{F_5±,.,F_5} , (3.13) 
01/2 = span{F+5±,,,F5} . 

D(2,l;a) 

There is a family of exceptional Lie superalgebras D(2,1;q;) parameterized by a 7^ 
0, —1, 00. There are a self-dualities taking a ^ 1/a and a ^ —1 — a, and we use these to 
choose a e ]— 1, 0[. The superalgebra has rank 3, dimension 17, and its bosonic subalgebra 
is 

sl(2) © sl(2) © sl(2) = sl(2)©a. (3.14) 
The root lattice is generated by vectors ei, 62, 63 with non-zero inner product 

(1 + a) 1 a 

eiei = 2 — ' ^2^2 = 2 ' ^3^3 = 2" ■ ^^^^^ 

The root spaces are 

Ao = {±2q} , Ai = {±ei ± £2 ± £3} . (3.16) 

We denote the generators for the sl(2) roots we want to reduce by E±,y = E±2ei- Note, 
that I'l' = 4eiei = —2 — 2a. The longest root of a have norm q;|/2 — a for one sl(2) and 
the other one has q;|,/2 = 1. Then the decomposition is 

D{2,l;a) = 0-i © 0-i/2 © 0o © 0i/2 © 0i , 

0_i/2 = span{F_,,±,2±,3} , (3.17) 
01/2 = span{F,^±,2±,3} . 

spo(2n|4) 

The rank of spo(2n|4) is n-|-2, the dimension 2n^ -|-9n-|-6 and the bosonic subalgebra 

is 

sp(2n)©so(4) = sl(2)©a. (3.18) 
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-3 


8 


1 


G(3) 


g2 


2 


4 


-8/3 


7 


1 


D(2,l;a) 


sl(2)©sl(2) 





(2,2) 


-2 - 2a 


4 




spo(2n 4) 


sl(2)©sp(2n) 


n — 1 


(2,n + l) 


-1 


4n 


(-1/2,1) 



Table 1: Summary of the examples with five-decomposition along with useful constants. 

is the dual Coxeter number of g, /i^ are the dual Coxeter numbers of the simple parts 
of a, Nf is half the number of fermionic generators, and a\ are the lengths of the longest 
roots in the simple parts of a. Compared to last section, the psl(2\2) and osp(n\2) cases 
have been normalized standardly with the longest positive root of positive norm having 
length two (in last section the bilinear forms used where respectively minus supertrace and 
supertrace, for osp(n\2) the standard bilinear form would have been half the supertrace). 

The root lattice is generated by vectors 5i, and ei,e2 with non-zero inner products 

5i5i = 1/2 and ejej = —1/2. The root spaces are 

Ao = {±ei±e2,±5^±5„±2(5Jz^j} , Ai = {±e, ± 5,} . (3.19) 

The sl(2) root is z/ = ei + €2 and its norm is vv = —1. The longest root of o has norm 
a|/2 = —1/2 for the sl(2) and a|/2 = 1 for the sp(2n). Then the decomposition is 

spo(2n|4) = 0-1 ©g_i/2 ©00 ©01/2 ©01 , 

Q-i/2 = span{F_,,±5j , (3.20) 

gi/2 = span{F,^±5j . 

In table [1] we summarize all the examples with some data needed in the next subsection. 
Let us also note that spo(2n|3) has bosonic subgroup sl(2)©sp(2n), but there is no five- 
decomposition of our wanted form and hence it is not included. 

3.3 The supergroup WZNW model 

We can parameterize the group valued fields as 

9 = 9-19^1/2 90 91/2 91, (3.21) 
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and introduce bosonic fields 7 lying in g_i = span{ii^_i,}, 7 in = spa.n{Ei,}, and 
fermionic fields 9 in 0-1/2 and 9 in 01/2 such that 

g-i = e"^ , g-1/2 = , 5^1/2 = , Qi ^ . (3.22) 

Then the action is of the form 

^wzNW[^]^ = S™'^[go]k + ^ J d'z{{d^+'^[d9,9]+d9),Ad{gom-UdO,9] + d9)). 

(3.23) 

Using the five-decomposition we know that Ad{go) leaves Qi invariant and [d9, 9] lies in 
span{£'i,}. Thus we can introduce auxiliary fields P taking values in span{£'i,} and ^ 
taking values in span{£'_i,} and get the classical equivalent action 

+ {d9, Ad{go)d9) - Ad(^o)^) ■ (3.24) 

Further, we introduce fermionic auxiliary fields p,p taking values in 0±i and classically 
we get (here we need to use the invariance of the bilinear form) 

S'''^ig,^J,p,p]k = S™'^[go]k + So[^J,^,%p,p,9,9] + S,^,[^J,9,9,p,p,go] , 

^0 = ^ y d'z ^7) + W, d^) + (p, 89) + (p, d9) , (3.25) 

^int = -^Jd'z{^,Ad(go)P) + {(p + l[^,9]),Ad{go)(p-lW,9])). 

Now, we parameterize go — qe~'^'^^" with H^, being the Cartan direction of the sl(2). Then 
the action becomes 

(3.26) 

with 

s[<t>\ = -- ^ / d^z{d<t>M , 

^0 - d'z 97) + ^7) + {p, 89) + (p, 89) , (3.27) 

^int = Jd'ze'^{^J) + e^{{p + l[P,9]),Ad(q){p-l[^,9])), 

where we used that the grading indices in simply are the eigenvalues of Ad{Hi,) and 
{H,,H,) = l/u\ 
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Let us now take into account the quantum effects. First we consider the change in 
levels. Using f l2.21|l and f l2.22p we see that the level for the 0-part changes as 

k- —{-2 + ^) = k + K^ . (3.28) 

Here Nj = |A^| is the number of fermions p. As we have also written, the change 
in the level can be seen to be the dual Coxeter number of the superalgebra, i.e. half 
the eigenvalue of the quadratic Casimir in the adjoint representation. Likewise the level 
for a simple component, a^, of a change with half the eigenvalue of the Casimir, Cfree 
in the representation that the free fermions transform in. To calculate this we note that 
quadratic Casimir in the adjoint representation splits into the a quadratic adjoint Casimir 
for the ttj component and C^ee 

C'ad = + ^free • (3.29) 

However, C^. is not canonically normalized. Our bilinear form, ( , ), for the Lie super- 
algebra is canonically normalized such that the longest positive root with positive norm 
has norm two |l5]. This means, we have a relation to the canonically normalized bilinear 
form, ( , )ai, for the subalgebra as 

( , )a. = \{ , )|a., (3.30) 

where a| is the length of the longest root of measured by ( , ) . This means that half the 

2 

eigenvalue of Cn is ^h'i , where h)!, is the dual Coxeter number for Oj. The renormalized 
level for the WZNW model on the component with the standard bilinear form { , )a, 
is thus given by the formula 

k.. = ^{k + h^-^hl). (3.31) 

A similar formula holds for the u(l) part in the psl(n|2) case if we do not renormalize, 
i.e. its level is simply changed by the dual Coxeter number. 

Finally, also background charges for the field appear as seen from 02.211) and 02.221) . 
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Rescaling /3, (3,p,p and the quantum corrected action then becomes 

s[g,pj,p,p] = s™'^[q] + s[<p] + So[f3j,^,^,p,p,e,e] + s,^,[pJ,e,e,p,p,q,<p] , 

i 

S[cf>] = d^zd^B^ + ^^n^ , (3.32) 

1 r,2. 



^0 = ^ y d'z 97) + 97) + (p, 06) + (p, 9^) , 

Sint = y"d2ze2^^/3j)+e^^(p+i[/3,e]),Ad(g)(p-i[^,el)) , 

Where the sum in is over the simple and u(l) parts of a, and g = J^^g^ is a 

factorization into these parts. Further 



Q = h{l-Nf/2) , Nf = |A+|. (3.33) 



2(A; + /iV) ' 

The relevant constants used can be found in table [1] 

3.4 The correspondence with extended superconformal algebras 

We consider correlation functions of supergroup WZNW model and map them to those 
of Liouville theories with extended superconformal algebra. Let us introduce a basis 
for 01/2 and ta for 0_i/2 with {t°-,h) = 6^ and a = 1,2, ■ ■■ ,A^/. We parameterize the 
fermions as p = Pat"" etc. and bosonize as 

= e^^" , r = e"^^" , p" = e'^'^ , Oa = e''^"^ . (3.34) 

For the bosonic fields let 7 = -y^i^E^^, (3 = P^Ey, etc. The vertex operators of the 
supergroup WZNW model are then written as 

where L labels the representation of o. 

First, 7-1, is integrated out, then the field (3iy is replaced by the function (using 
{E_,,E,)=2/u') 

/^^ ^ T E ^ = ^ IIn " = ^^im^ -r, z) , (3.36) 
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and similarly by —uB{yi,Zi;z). Shifting the fields and Ya to absorb this function 
we get 

/ N \ TV / N N-2 

\i=l I WZNW «=1 \i=l i=l 

(3.37) 

Here L = is the identity representation of a. The action for the right hand side is 

s = s^'^iq] + s[<j>] + So[p,p, e, 6] + S;n,[p,p, e, e, g, <j>] , 

i 

^0 = ^1 d-'z {p, Be) - {6, Bp) + (p, 06) - {6, dp) , 

5i„t = --^ [dhe''^^ + e"^{{p + l[E,,9]),Ad{q){p-l[E.,,9])) ■ 

Recall that E^, maps g-_i/2 to gi/2. The new background charge is Q = Q + b^^. The 
vertex operators are 

V^^^iz) = e'''^^'^+'''^^'^e^''^Vl{q){z) , (3.39) 

and the pre-factor is 

e = Mn(^.-^.)^"~ lliyp-y<l)^~~lllli^^-ypr^^~ ■ (3.40) 

j<jr P<<? *=1 p=l 

We may rotate the fermions as 

^l; = p + ^[E,,e] , i> = p-^[E.,,e] , 

X = p-^[i?.,^] , x = P + ^[i^-.,^] , (3.41) 

and we see that the fermions x decouple from 

^, q] = S[q],^ + ^ / [^'^^'^ + |v^^<^ + [E-u, Bij]) + 

+ [E,,dij]) + e'^{i:,Ad{q)ij) 



(3.42) 



which we call a-extended super Liouville field theory. Note that we have dropped the 
contact term in the interaction. We explain the symmetry of these theories in appendix 
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4 Discussions 



In this note, we have studied relations between supergroup WZNW models and Li- 
ouville theories with extended superconformal algebras. We have shown that A^-point 
functions of tachyon vertex operators in supergroup WZNW models on spheres can be 
written in terms of (2A^ — 2)-point functions in Liouville-like theories with N — 2 extra 
insertions. The relation was studied in [19j for 0SP(r;,|2), n = 1,2, and we have extended 
the analysis to more generic cases. First, we studied explicitly the two specific cases 
of PSU(1,1|2) and 0SP(r;,|2) which are the most interesting models for applications in 
superstring theory. Then we developed a more abstract formalism to examine general 
cases with supergroups whose bosonic subgroup is of the form SL(2)xA. Relations be- 
tween these two types of theories were given using quantum Hamiltonian reduction in 
[271 ESI EB [22]- However, here we have given direct relation of correlators and would like 
to stress that our relation is different from the Hamiltonian reduction, among others there 
is no restriction of the momentum space in the supergroup WZNW models. 

There are several problems to consider in the future addition to the generalization 
of the FZZ duality [53, ESI EZ] mentioned in the introduction. First of all we would 
like to understand more about the generic cases. One of the important examples is 
D(2,l;a;) since in this case the Liouville field theory admits a one parameter family of 
M = (4, 4) superconformal symmetry [iGj HZl [2l]. We have also studied exceptional cases 
G(3) and F(4), and it would be interesting to find applications in superstring theory. In 
this note we have considered only amplitudes on a sphere. This extends straightforwardly 
to the case with generic Riemann surfaces of higher genus following [21], and it would be 
worthwhile also to consider disk amplitudes [HI HQ], [18] . Moreover, the Liouville theories 
with extended superconformal W^- algebras, that we have arrived at, should be studied. 
We have given the precise actions of these theories and a next important step is to find 
their possible dualities. This is because in particular these in turn can be used to derive 
dualities for the original theories and cosets thereof. Using the explicit form of actions, it 
might be also possible to compute correlation functions of these theories. 

Recently, it was proposed in [50l [5T] that two dimensional Toda theory is related to 
four dimensional SU(A^) gauge theory. Moreover, including surface operators in the gauge 
theory is argued to change the two dimensional theory to the one with the symmetry of 
current algebra or W^-algebra [521 |53l [511 EH]- One family of ly-algebras that appears in 
this relation are the Bershadsky-Polyakov algebras W^~^ [55], where these algebras can 
be constructed from SL(A^) WZNW models via Drindfel'd-Sokolov reduction [SH]- The 
construction uses a so-called good minimal graduation of sl(A^). But this is exactly the 
type of decomposition we needed for our super algebras. Hence, it is reasonable to expect 
that our derivation carries over to a correspondence between SL(A^) WZNW models and 
theories with W^~^ symmetry. We will report on this in a forthcoming paper ^57j . 
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A Notations 

In this appendix we briefly define the notations used in the main text for the Lie 
algebras psl(2|2) and osp(?2|2). 

A.l The Lie superalgebra psl(2|2) 

First we consider the notation for psl(2|2). The same notation is used for psu(2|2) with 
appropriate realness conditions on the fields. The Lie superalgebra psl(2|2) is generated 
by six bosonic elements Ef and eight fermionic ones 5'^^, with i = 1,2 and a, (3 = 1, 2. 
Here the notation of [10] is adopted. The bosonic subalgebra is sl(2) © sl(2), 

[E^,Et]=±E^, [Et,Er] = 2E^. (A.l) 

Among the bosonic and fermionic generators the relations are 







[El, Sfj 


— ="=2 "^20 


[El St] 




[E2, sfj 


r2'^2a 






[Et,St] 


= TSt 


[El St] 


= ±st , 


[Ef , St] 


= TSt 



The fermionic generators satisfy 

{St, Sff^} = T'^tapEf , {St, S'^p] = ±2eapE2 , 

{St, S^p} = 2e„^(E° - E^) , {St, S21S} = '2ea(3{El + E^) . 
The invariant bilinear form is 



^, strE+Er = l, strE°E° = -^ 



str£^2'-^2 ~ ~1 5 strS'j^S'j'^ — 2eap , sir StS^ — 2ea^ , 
with ei2 = 1. 



(A.2) 



(A.3) 



(A.4) 



19 



These generators can be expressed by using 4x4 matrices. With the usual Pauh 
matrices 



a 



1 

-1 



a 



the bosonic generators are given by 



1 la^ 




a± 




Defining the following matrices as 



a 



1 




fermionic generatorqj are given by 

a^' 



^11 



V2 







1 




""^-2 a3 



cr 




1 



'-'12 



V2 



a 





± 





1 



(A.5) 








(A.6) 



(A.7) 



St, = V2 



±a± 








V^^ 



A. 2 The Lie superalgebra osp(n|2) 

A good way to describe the Lie superalgebra is via supermatrices. Define the matrix 





( In 


\ 


Gij — 





1 




V 


-1 o; 



(A.8) 



where the label /, J runs from 1 to n + 2, and I„ is the n x n identity matrix. Moreover, 
we define {eij)KL = ^il^jk- Using i, j = 1, ■ ■ ■ ,n and i,j = n + l,n + 2, the generators 
of osp(?2|2) are then given by 



Eij GikGkj GjkCki } Gj^f^e^j + G jj^Cj^^ , 

The sl(2) subgroup is generated by 



Eji — GikCkj + Gj^Cy.^ . 



E, 



(n+l)(n+2) 



-2E^ 



E, 



(n+l)(n+l) 



2E^ 



E, 



(n+2)(n+2) 



~2E- 



(A.9) 



^These are generators of SU(2|2) Lie algebra, therefore these generators satisfy the above 
(anti-)commutation relations for the PSU(2|2) Lie superalgebra up to the generator of U(l) Lie alge- 
bra. 
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and the fermionic part is 



(n+l) 



Ei{n+2) - 



(A.IO) 



Commutation relations are 



[E", E^] = ±E 



± 



[E+,E-] = 2E° 



(A.ll) 



[E", Ft] = ±\Ft , {Ft. Ff} = ±26,,E^ . 

B Extended superconformal algebras 

In this appendix we show that the theories obtained have desired symmetries. In the 
next subsection, we study the theory with small A/" = (4, 4) superconformal symmetry. 
In appendix IB. 21 we summarize the Knizhnik's so(n) superconformal algebra [25j. In 
appendix IB. 31 we study the theories with general extended superconformal symmetry. 

B.l Small J\f = 4: superconformal algebra 



We will now show that the theory with action (12.161) provides a free field realization 
of small A/" = 4 superconformal algebra. The small A/" = 4 superconformal algebra is 
generated by bosonic currents T{z), J^{z) with i = 1, 2, 3 and fermionic currents with 
a = 1, 2. The central charge is c = 6{k — 1) and the level of the SU(2) currents is A; — 1. 
The currents have the following OPEs (see, for instance, [^) 



T{z)T{w 



T{z)J\w 



T{z)G^{w 



J\z)G^{w 



GUz)G-^{w 



c/2 2T{w) dT{w) 

{z — wy {z — wY z — w 



k - 1 6'^ 



+ 



[z — w] 



z — w 



J\w) ^ dJ\w) 



{z — w)"^ z — w 



3 Gtiw) ^ dGtiw) 



2 {z — wY z — w 



, 1 ^,±Gt{w) 



z — w 



(B.l) 



2c/36^p ^ ^cTl^pAw) ^ 2T{w)5^p + 2a\pdJ\w) 
{z — wY {z — wY z — w 
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Let us construct these currents using the symmetries of the action of small A/" = 4 
super Liouville theory in fl2.16p . The field content is the bosonic field 0(2), the su(2) 
currents K'^{z) and the fermionic fields ip^iz) with a = 1,2. The OPEs of these fields are 



(B.2) 



2 {z — wY z — w 
We find that the generators of A/" = 4 super conformal algebra are realized by 

T{z) = -d(pd(p + Qd'^cp - liip+dip^ + ip^dip^) + ]-K'K' , 

J\z) = K^ + \r+<p^^- , (B.3) 

Here Q = y/k — 1/ \/k and the normal ordering is implicitly assumed. We have defined 
0"^^ = cr^^ and o"^^ = o"^^ for the simplicity of expressions. 

The next step is to show that the term S'int in fl2.16p is a screening charge. Let us 
write the supercharges in notation of [58]. The relation is 

= i=Gf , G't = -^Gt , (B.4) 

where G^ and G'^ both generate an A/" = 2 super conformal algebra. The two interaction 
terms are 

Vi + V2 = lij-q^P-e'^ + ^V^+g-V+e'^ , (B.5) 

rC rC 

the third term in fl2.16p is a contact term that we remove. We compute 



G^{z)Vi{w) ~ , G-{z)Vi{w) d 



z — w 



and 



G'^z)V,{w) ~ d (' ^^"'^'g^"^-^'" ^) , G'-{z)Vr{w) 

z — w 



z — w 



(B.6) 



G'^{z)V2{w) ~ , G'-{z)V2{w) d 



z — w 



(B.7) 
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Similarly one can compute that the OPE of the currents J* and the energy-momentum 
tensor T with the fields Va are regular up to total derivatives. Hence, Vi and V2 are 
screening charges for our free field representation of the small J\f = (4, 4) superconformal 
algebra. 

But they are even more, namely F-terms oi Af = (2, 2) superconformal theories, 



+ {A- l)G'-iz){tk-^/\2ai^'^e'"f')iw) 



V2iw) = ^ dz BG-{z){-ik-^'mq-le'^){w) + 



(B.8) 



+ {B + l)G'+{z){-ik-'l'i,lq-le''^){w) 

where A and B are free coefficients. This shows that in the M = (2, 2) formalism we can 
write the terms as chiral and anti-chiral F-terms since we also have 

G-{z)qi^^'^e'"f'{w) ~ , G'+{z)q2a^'le'"'>{w) ~ , 

(B.9) 

G^z)i,lq-le''^{w) ~ , G'-iz),piq-^e''^{w) ~ . 

B.2 Knizhnik's J\f = {n,n) superconformal algebra 

The action (12.311) provides a free field realization for Knizhnik's so(?T,)-extended super- 
conformal VT-algebra [25]. This is generated by so(?2) currents, Virasoro field and super 
currents. The so{n) currents are 

r = + . (B.io) 

2 ■' 

Here K'^ are the so(n) currents with level k — 1 and t"^- are the generators of so(n). The 
supercurrents are 

= iV2 (^'dct> - Qd^^ + -^=1==={^H\.K'^)^ . (B.ll) 

Note that there is no triple fermion term. For n = 1,2,3,4 these generate the M = n 
superconformal algebra, while for larger n the OPEs looks like a VT-algebra 



G\z)G^{w)r^- ^ + -r^ — -yT + '3 y ' »j 



(^ — [z — wy z — w ' 

(B.12) 
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where the last term is the standardly normal ordered product of J" currents. The con- 
stants B, K, 7 are uniquely determined via the Jacobi identities in terms of k and n, 



B = KS , K 



2S + n-A 



The generators of the Lie algebra are denoted and are normalized such that ii{t"'t^) = 
—2(5"^. Finally, we have defined 

n^^ = + tLCj + 25"'5., • (B. 14) 

B.3 Extended superconformal algebras 



These theories were studied in |3T], and we summarize their results. Let denote a 
basis of go and of Qi, i.e. roman indices are bosonic and Greek fermionic. Then the 
structure constants are 

[e,t''] = , = i^'^V'^ , = R'^at" . (B.15) 

R indicates that the fermions form a representation of the bosonic subalgebra. 

The extended superconformal algebra is generated by J°',T,G"' where 7 is a root in 
A^. The non-trivial OPEs are 



{z — w) 



_2 Tiw)-Sa{w) , 1 (J^KyH 

u^^'^' (z-w) ^k + h^ (z-w) ■ ^ ' 

Here i = 1,2 corresponds to the simple components of a and 

The fi{k) are given in table 6 of [31] and Sa is a rescaled Sugawara field for the super- 
symmetric WZNW of the Lie group of a, see (63) in [3T] . 

A free field realization is given by a current algebra of a, free fermions and the Liouville 
field 0. The level of the current algebra is k^ with 

2{k + h^) = al{ko + K) , (B.18) 
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where Hq is the dual Coxeter number of a and ai is the longest root of o. The Sug- 
awara energy-momentum tensor is denoted by T. The free fermions ip-y transform in 
the representation 01/2 of a, i.e. the index 7 is a root in A^. The Liouville field has 
energy-momentum tensor 

= -d(j)d(j) + Qd^cl> , (B.19) 

where 



Q = {l-Nj/2)b + b-\ ^ = '\l^(kTh^y Nj = \Al\. (B.20) 

Here there is a freedom to choose a sign e = ±. The current algebra has standard OPE, 
for the fermions we choose a basis such that 

^^(z)V^,_yH ~ . (B.21) 

They form also a current algebra of level being the eigenvalue of the quadratic Casimir 
in the representation. The currents are 

r = . (B.22) 

The energy momentum tensor is 

Ti. = -\Y. ^-7^V'7 • (B.23) 

The extended superconformal algebra is then generated by the total energy-momentum 
tensor, total currents and the supercurrents as 



(B.24) 



The number c* is in table 5 of [3T]. The anti-holomorphic side is constructed analogously. 
The screening charge for this system is 



S = e^^ip^^^^^^ , (B.25) 

where $ transforms as under holomorphic (plus) and anti-holomorphic (minus) cur- 
rents, and 7 is in A^. This is exactly the form of our fermion interaction term e^'^{ip, Ad{q)ip) 
in ([332]). 
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